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Let D be a region in [w3. In this paper we study the stability of the solution (U, f) 
of the inverse problem U, = dU+ xD(x) f(t), I > 0, XE R3; U(0, t) = g(t), t >O; 
U(x, 0) = 0, XE R3, where U and f are the unknowns while xD is the characteristic 
function for D and g is given. A logarithmic stability result is proved for regions 
with certain geometrical properties. % 1990 Academx Press, Inc 
1. INTRODUCTION 
Consider the solution (U, f) of the problem 
(1) 
1 
U,(x, f) = ~U(x, t) + XDb) f(t), XER3, t>o, 
U( x, 0) = 0, XER3, 
UK4 t) = g(t), t > 0, 
where D is a bounded measurable region with characteristic function x0 
which takes the value 1 for x E D and the value zero for x $ D. 
In [2, 31, we studied the same type of problem for special regions in 
dimensions 1, 2, and 3. 
Suppose f is the solution of (I) (U is completely determined by f, and 
the uniqueness off was proved in [2]). Let rO and rl be the inlimum and 
363 
0022-247X/90 $3.00 
Copyright c, 1990 by Academtc Press. Inc. 
All rights of reproduclmn I” any form reserved. 
364 CANNON AND PkREZ-ESTEVA 
supremum of {II-Y/I : SE D) and .4(r) the surface area of D n (rS’), where 
S* is the unbit sphere in R3. Then we have 
with 
g(r,=j’j K(i’,t-T)d<,f(T)dT, 0 II 
We notice that if k(r, t) is the heat kernel in R, i.e., k(r, t) = 
e -“‘4’/(47ct) , ‘I2 for t>O, then 
g(t)= j; jr; (4*(fy))3/2 e-r214(~--)dr,f(T)dT 
-2k,(r, t-z)f(r)dtdr 
=s 
II A(r) 
- u(r, t) dr, 
r. 47tr 
where 
u(r, t)=j’-2k,(r, t-r)f(z)dz (1.1) 
0 
is the solution of 
(11) 
24, = u rr 1 
i 
u( r, 0) = 0, 
40, t) =.f(t), 
r > 0, t > 0, 
r>O, 
t > 0. 
We can reverse the steps to conclude that if u = u(r, t) satisfies 
1 
uI=u rr-> r >O, t >O, 
(III) u( r, 0) = 0, r > 0, 
SF:, (A(r)Pm-) u(r, t) dr =-g(t), t > 0, 
then f(t) = u(O+, t) is the solution of (I). In Section 2 we discuss the exist- 
ence and the continuous dependence of (I) and (III) based upon the nature 
of A(r). In Section 3 we give some geometrical properties to D to exibit a 
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large class of situations where the estimates in Section 2 hold. Throughout 
this paper we will denote llfll = sup{ If(t)1 : t E (0, r]}, where T is a fixed 
positive number. 
2. EXISTENCE AND CONTINUOUS DEPENDENCE 
THEOREM 2.1. Suppose that the origin belongs to the interior of D, where 
D is a measurable subset of R3. If g’ = O(t -‘) with 0 < y < 1, then there exists 
a unique solution of (I) satisfying 
IltYf(.)ll GM(Y) Ilt’g’(~)lI. 
ProoJ Let B, be the ball centered at the origin with radius 6, contained 
in D. Then we have 
g(t)=/‘J- N5,t-t)drf(t)dz 
0 Bg 
I 
+ 
is 
J45, t-z)d5f(r)dz 
0 D\Bb 
6 A(r) f = s- 0 4x1. u(r, t) dr + ss W5, t-~)d5f(~)d~, 0 D\& 
where u satisfies (II). Notice that A(r) = 4zr2 and 
, 
rut(r, t) dr + IS KC& t-~)d~f(~)d~ 0 D\& 
=& r s ru,,(r, t) dr + IS KC& t-T)d5f(r)dz 
=c3:,(6, t)-u(6, t,:;;+ j; i,,, K,(& t-t)f(z)dr. 
Performing all the calculations in the integral representation (1.1) of u, 
we obtain 
flr)=g’W+j; SC4 t-z)f(z)dr, (2.1) 
where 
S(S, t) = 
s3 
4 &tS12 
e-“=/4’ _ 
K(5, t) &. 
Thus, the theorem follows at once from (2.1). 
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Now. we assume 
.f(O)=O 
Ilfll GM 
where M is a known positive number. Then we have 
(2.2) 
(2.3) 
THEOREM 2.2. Suppose ,f is the solution of (I) and 
(a) 044 (hence r,>O), 
(b) A(ro) = 0, 
(c) A’(r,) exists and is not zero, 
(d) A” is integrable in a neighborhood of rO, and 
(e) Conditions (2.2) and (2.3) are satisfied. 
Then, there exists /I > 0 and 0 < y < 1 such that for every 6, with 0 < 6 < y, 
we have 
1 1 I 
6 
llfll G C,(& ro, M) 
h( 1/c* II g’ll ) ’ 
where C, depends on ro, T, and the function A, provided g’ is integrable in 
(0, Tl and /I g’ll < B. 
Proof: Assume that A” is integrable in (ro, cx]. Then, as in Section 1 we 
have from the fact that u satisfies (III) that 
u(r, t) dr + s 
‘1 A(r) 
~ u(r, t) dr. 
a 4nr 
Then 
g’(t) = jr1 $ u,(r, t) dr + jl’ 2 u,(r, t) dr 
A(a) = - u,(a, t) - 
4nci 4ro, t) 
1 A(r) fl 
+ - 
j( > r. 47cr 
u(r, t) dr + 
s 
rl A(r) 
- uJr, t) dr. 
a 47cr 
Now, for r>O, 
u(r, t) = 1: - 2k,(r - ro, t - 5) u(ro, z) dz. (2.4) 
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Hence 
4ro, t) + s,' H(t- r) 4ro, z) dr, (2.5) 
where 
H(t)= -y-& TT A(a) k (a - r,,, t) 
+($)’ 
r=cL 
k,(cr-ro, t)-j: ($$)’ k,(r-r,,, t)dr 
+ 
s 1’ 
$$ (-2k,,,(r - rO, t)) dr. 
We notice that 
joT 16 ($)’ Ur-ro, i)dri dt 
q: J;: I(%)” k,(r - ro, t) dt dr ( 
erfc(r - r,/J??) dr. 
Therefore, H is absolutely integrable in (0, T] and Eq. (2.5) has a unique 
solution u( ro. - ) satisfying 
l14ro, .)I1 GL llg’ll, 
where L depends on ro, T, A(a), A’(a), A’(r,), and the integral of A” over 
r. < r < ci. 
The proof of the theorem will be complete after proving the following 
lemma. 
LEMMA 2.3. Let u be the solution of (II) with 
(1) f(O)=09 
(2) IIf’ GM, where M is a known fixed constant. 
Then, there exists 0 < 2 < 1 and 0 < y < 1, such that for any 0 < 6 < y 
i 
1 
1 
s 
llfll G C(4 ro, W 
hdllll4r0, .)II) ’ 
prooided Ilu(r,, .)I1 < 1. 
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Proc~f: By ( 1 .l ) and assumptions ( 1) and (2) we have for Y > 0 that 
It follows that 
lu,(r, f)l 6 M,, for r>OandtE[O,T], 
which implies that 
lu(r, f)l d If(f) - u(r, f)l + If( 
= lur(r(t), [)I r + If( 
GM,, 2 E CO, Tl, r E CO, vol. 
But, we also know that 
lu(r, [)I d M3& 
(J ; 
, for 0 < r < ro, 
(2.6) 
with E= Ilu(r,, .)[I, 0 <y < 1, and 1, M, depending on r. and M, (see [4, 
Theorem 10.4.1 and Corollary 10.6.11). 
Given 0 < 6 < y, let 3, > 0 small enough so that E < A implies that 
O<r= {log(l/a)} ‘<ro. 
It follows that 
If( d If(t) - u(r, t)l + lu(r, t)l d M,(r + Pi’) 
=M4{(log(l/~))~~“+exp(-I(log(1/~))’~”~~)}. 
But, 
Hence, the lemma follows and we complete the proof of Theorem 2.2 
making p = A/L. 
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THEOREM 2.4. Let f be the solution of (I). Assume that 
(a) O$Q 
(b) 4ro) > 0, 
(c) A” is integrable in a segment (rO, cr], CI < r,, 
(d) Conditions (2.2) and (2.3) are satisfied. 
Then the conclusion of Theorem 2.2 holds. 
Proqf: We can write 
g(t)=~~~~~~-2Zk,(r-r,,t-r)u(r,,,r)drdr 
+I: E [i-2k.(r-r,, t-z)u(rO,t)dzdr. 
We integrate by parts the first term to obtain 
sg(t)+li h(t-r)u(r,,,r)dT=[’ m dz, 
ofi 
(2.7) 
where 
h(t) = t)-[‘(F)‘k(r-r,, t)dr 
‘0 
kr(r-ro, t)dr 
Since h’ is integrable in (0, T], then Abel’s integral equation (2.7) has the 
unique solution u(ro, .), and the proof follows once again from Lemma 2.3. 
3. STABILITY AND THE FUNCTION A(r) 
Let D be a region with C” boundary and define A(r) as in Section 1. 
Now we link Section 2 with the properties of function A(r) proved in [5 3. 
We first notice that if the function 
d:dD-tR 
4x) = llxll 
has r E R+ as a regular value, then for some E > 0, there exists a cannonical 
diffeomorphism from {xED:~--E<IIxII<~+E} onto D,x(r-&,r+E), 
40’) 147 z-5 
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where D, = D n rS’ (see [6, Theorem 3.1 I). Hence, it follows at once that 
A(r) is C *J in (r-c, r +e). If for simplicity we assume that d has only a 
finite number of critical values, A(r) will be C’” except for a finite set. 
Let 0 $ D, we wish the hypothesis of Theorem 2.2 to be valid. In [S] the 
following lemma is proved. 
LEMMA 3.1. Let [ : iw” + iw he a C r mapping with a local minimum at 0 
and c(O) = 0. Then there exists a neighborhood W of 0 in iw” such that for 
V(r)=vol{xE W:[(x)<rf, 
where H[ is the Hessian of [ and U, is the volume of the unit ball in R”. 
Hence, suppose r0 is a nondegenerate minimum of the function d, corres- 
ponding to a single critical point p0 with spherical coordinates (cp,,, &,, rO). 
Then in such coordinates, a neighborhood of p0 in the boundary of D is 
the graph of a function h = h(cp, 9) defined in a neighborhood W,, of 
(cpO, go). It follows that we can write 
A(r)=j r sin( cp) dq d9, 
Q, 
where 
Q, = { (cp, 9) E W, : h(q, 9) d r}. 
By the Morse lemma, there exists an E > 0, and a local change of variables 
!P: EB+ W, E W,, where B is the unit ball in R2, such that h(& q) = 
t2 + y1* + r0 in the new coordinate system (5, q). 
Thus, for small r -r,>O, 
A(r)=271 J:‘+n2arro r sin(cp(L ~1) IJWL rl)l & 4. (3.1) 
We can evaluate integral (3.1) using polar coordinates, to obtain 
A’(rd > 0, (3.2) 
A”(r)=O((r-r,)P’/2). (3.3) 
Hence, the hypotheses of Theorem 2.2 are satisfied in this situation. It is 
clear that (3.2) and (3.3) are also satisfied when there exist several critical 
points corresponding to rO. 
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EXAMPLES. The estimate of Theorem 2.2 is valid for the following 
regions 
(1) If for some y>rO, Dn{xEIW3: llxll<r) is convex and aDn 
{XE R3 : llxll <r} is C”. 
(2) If for any critical point p of D corresponding to rO, the region D 
lies in the hyperspace determined by the tangent space of dD at p opposite 
to the origin. 
Remark. It is known [6] that if LID is C”, then the set of all points p 
such that 
d,:D+[w 
d,(x) = lb - PII 
has degenerate critical points has measure zero. Hence arbitrarily close to 
the origin we can choose p such that when it replaces 0 as measuring point 
at) = VP, t), t > 0, 
in problem (I), we obtain the estimate of Theorem 2.2. 
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